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Abstract
This work addresses the deep penetration of structures in clays; particularly the Cone
penetration test. CPT is one of the most widely used in situ method to characterize
soil properties. A large number of correlations have been obtained using a multitude
of techniques; however, there is still a large spread between the proposals.
The research has been carried out by large deformation calculations employing
the Particle Finite Element method. In this method, the domain is discretized with
a set of particles; the interaction between them is computed in a finite element mesh
with low order elements and a lagrangian description of the domain. This mesh
is created frequently; adaptive remeshing strategies and techniques to recover the
boundary are used.
In this work, an explicit integration scheme for hyperelastic-based finite strains
elasto-plasticity is proposed. One step update equations are obtained from the large
deformation multiplicative elasto-plasticity theory, where an exponential variation of
the plastic deformation gradient is assumed. In addition, the material tangent matrix
is presented and has the same formal structure as the usual small strains elasto-
plastic tangent matrix. Routines to alleviate the main drawbacks of explicit methods
are outlined, suh as a yield drift correction scheme and an adaptive substepping
method. Several examples of typical geotechnical tests are presented, showing the
robustness and accuracy of the proposal.
Results of the simulation of the cone penetration in undrained clay are reported.
A parametric study in total stresses is carried out for materials obeying a Tresca
yield criterion. The variables investigated are the rigidity index and the roughness
at the interface of the soil and the structure. Details on the stress state and the
incremental displacements profiles are presented.
Finally, the drained penetration on soils obeing a Modified Cam Clay model
elasto-plastic behavior is assessed and the stress state and the stress path are com-
mented.
i
ii
Acknowledgments
I would like to express my sincere gratitude to Prof. Antonio Gens, Marcos Arroyo
and Josep Maria Carbonell for their patience and guidance.
The support of the Ministry of Education of Spain through research grant BIA2011-
27217 is gratefully acknowledged
Finally, I would like to thank my family for their support.
iii
iv
Even a stopped clock tells the right time twice a day, and for once
I’m inclined to believe Withnail is right. We are indeed drifting into the
arena of the unwell. Making enemies of our own futures.
Withnail and I, Dir Bruce Robinson, 1987.
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Chapter 1
Introduction
1.1 Backgroud
The wide use of the cone penetration test (CTP) in geotechnical engineering has
resulted in a great demand of correlations between the cone resistance and soil
properties (Yu and Mitchell 1998). A large number of correlations have been ob-
tained using a multitude of techniques, ranging from bearing capacity analogies to
large-deformation finite element simulations; however, there is still a large spread
between the various proposals.
The numerical simulation of contact problems is a complex task since represents
a system of full of non-linearities, such as geometrical, material and contact non-
linearities (Carbonell 2009). Typically, contact problems have been simulated by
means of the finite element method employing a Lagrangian formulation. However,
since the mesh nodes are attached to material points, the finite element mesh expe-
rience severe distortion that leads to numerical inaccuracies and can ever render the
calculation impossible (Beuth 2012).
In order to mitigate the numerical problems that arise from the mesh distortion,
several numerical techniques based on the finite element method have been used,
for example, using adaptive schemes; this way, the mesh is updated frequently and
state variables are interpolated. In the other hand, Arbitrary Lagrangian-Eulerian
techniques have been proposed; in these schemes, the movement of the nodes of the
mesh is independent of the problem domain.
More recently, mesh-free methods have been developed. In these methods the
domain is discretized in a set of scattered nodes and the relationship/interaction of
these nodes do not depend on a mesh.
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1.2 Objectives
The main objective of this work is to study large deformation contact problems;
specifically, this work is concerned with the Cone Penetration Test in geomaterials.
The numerical simulations are performed with the Particle Finite Element method
(PFEM) and the current implementation for solid mechanics in Kratos (Dadvand
et al. 2010, Kratos ) is used. In order to achieve the main objective it is necessary
to:
• Develop a stress integration scheme for finite-strains elasto-plastic non-associative
materials.
• Incorporate the adhesion to the contact algorithms.
1.3 Master thesis layout
This document is organized as follows:
Chapter 2 covers the state of the art. In one hand, some CPT interpretation
techniques for undrained clay are reviewed. In the other hand, numerical methods
employed in soil mechanics are discussed.
The numerical algorithms used in this work are highlited in Chapter 3. First,
the Particle Finite Element Method is presented. After obtaining the weak form of
the solid mechanics governing equations, the stress integration scheme is detailed.
Results of the undrained penetration on clays are presented in Chapter 4, whereas
the drained case is considered in Chapter 5.
On Chapter 6, the principal conclusions of this work are summarized.
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Chapter 2
Literature review
Cone penetration test (CPT) is one of the most widely used in situ method to char-
acterize soil properties. Among other soil parameters, the undrained shear strength
of clayey soils can be estimated (Sheng et al. 2012). Generally, the tip resistance,
qc, is related to undrained shear strength, Su, by means of the cone factor, Nc:
Nc =
qc − σ0
Su
(2.1)
Several approaches have been employed to correlate the results from CPT tests
with the undrained shear strength, using either analytical or numerical methods.
In this chapter, some cone factors of the literature are reviewed and the meth-
ods used to obtain them are also discussed. Particle Finite Element method, the
numerical method used in this work, along with other meshless methods are briefly
reviewed.
2.1 Analytical methods
2.1.1 Bearing Capacity analogy
One of the first methods to analyse CPT tests was to treat it as a bearing capacity
problem: that is, the cone resistance is assumed to be equal to the collapse load of
a deep circular foundation in the soil. This load may be obtained either using limit
equilibrium theorems or slip-line analysis.
In limit equilibrium, the failure mechanism is assumed a priori and the collapse
load is obtained solving the soil mass equilibrium. Geometric correction factors have
to be used. Slip-line analysis is based on plastic equilibrium on the soil mass, from
which the failure stresses are deduced.
In these methods, the stress-strain behavior of the soil is ignored. As a conse-
quence, the obtained solution is independent of the soil rigidity index.
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2.1.2 Cavity expansion theory
In this method, it is assumed that the pressure required to produce a deep hole in
an elasto-plastic medium relates to the cone penetration resistance. This is based
on the similarity of the plastic region distribution: the plastic deformation near
the penetrometer is accomodated by elastic deformation on the far field. Some
assumptions of the geometry of the spherical cavity are made in order to represent
the penetrometer. The obtained cone factors vary with the rigidity index, Ir. Among
others, this method has been applied by Vesic (1972), Baligh (1975) and Yu (1993).
2.1.3 Strain path methods
Strain path methods assume that the behaviour of undrained clays may be repre-
sented as an incompressible fluid. The steady state flow through the penetrometer is
computed. Then, deviatoric stresses may be recovered from the strain rates, which
are computed from the velocity. The mean pressure is determined imposing equi-
librium at one of the directions. As a consequence, the obtained stress state do not
satisfy equilibrium and may differ depending on the direction used to compute the
mean pressure. The numerical treatment restricts the problem to smooth contacts.
The obtained solution may be used as the initial conditions of a solid mechanics
small strains analysis, where the cone is pushed 0.2 radii, in order to obtain a solution
in which the stresses are at equilibrium (Teh and Houlsby 1991).
2.2 Finite element-based methods
2.2.1 Large Deformation Finite Element method
Large deformation penetration problems have been simulated using the Finite El-
ement Method in a lagrangian fashion (Sheng et al. 2005, Sheng et al. 2006).
However, since the nodes are attached to material points, large shearing of the mesh
elements can occur. This distortion may produce inaccuracies and a lack of conver-
gence in the solution. To overcome this problem, very large elements have to be used;
however, the accuracy of the solution decreases with the size of the elements (Sheng
et al. 2012).
Using FEM (or methods based on FEM) to describe incompressible, or nearly
incompressible, materials may cause numerical problems or lead to erroneous so-
lutions due to the volumetric locking. This pathology is produced because there
are too many constraints imposed to the discretized solution. The locking produces
stiffer responce of the material and, typically, is more pronounced in low-order ele-
ments (Sloan and Randolph 1982, On˜ate et al. 2004).
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2.2.2 Arbitrary Lagrangian-Eulerian method
In the Arbitrary Lagrangian-Eularian method the nodes of the mesh and the material
points move separately. Then, the time-derivative on any quantity f is equal to:
∂tf
mat = ∂tf
node + (vmat − vnode)i ∂f
∂xi
(2.2)
Typically, an Split Scheme is used; this way, the mechanical problem is solved as if
the nodes were attached to the material (Updated Lagrangian step) and then the
nodes are replaced and the values of every state variable are corrected due to the
convective term. The treatment of the convective term plays a crucial role in the
numerical results, specially for complex path-dependent materials. Indeed, after this
step equilibrium is not guaranteed.
van den Berg et al. (1996) outlines an ALE formulation for solid mechanics in
which the nodal movement has been set to zero; that is, an Eularian formulation.
A smoothing term is proposed in the Eulerian step to avoid instabilities. The paper
deals with cone penetration in homogeneous and layered soils. In this analysis, a
zero thickness element is used to model the frictional interface between the cone
and the soil. However, when joint elements are used, the direction of the relative
displacement between the soil and the structure has to be assumed a priori. In the
referred work, different directions are imposed at the node that lies in the corner
between the tip and the shaft. Depending of this assumption, different results are
obtained in the load-displacement curve and it is interpreted as a ficticious reduction
of the cone diameter.
Nazem et al. (2006) presented an ALE formulation for large deformation prob-
lems. The remeshing process is based on relocating the boundary nodes and then
move the interior nodes to increase the geometric quality of the mesh.
The contact between different bodies is simulated by a node-to-segment penalty
method (Sheng et al. 2006). Representing the pile with two straight lines may cause
numerical divergence problems, specially when a node moves from beneath the tip to
the shaft. In order to enhance the numerical convergence, an smooth discretization
of the pile surface is constructed using Be´zier polynomials (Sheng et al. 2009).
The Free-Falling penetrometer has been studied in a total stress analysis includ-
ing inertial effects (Nazem et al. 2009, Nazem et al. 2012). This code has been
extended to deal with implicit time integration and hydromechanical problems (Sa-
betamal et al. 2014). Numerical examples include the dynamic analysis of the Free
Falling Penetrometer into a MCC soil. This work has also been extended including
adaptive refinement techniques (Kardani et al. 2013).
Walker & Yu (2006) applied an ALE formulation in ABAQUS to model the
penetrometer test in undrained clays; a von Mises yield criterion is assumed. The
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nodes are recolocated such that the quality of the mesh is preserved; in order to
calculate the advective term, first several continuous approximations of state vari-
ables are constructed and then advected using a monotonic scheme. The domain
is discretized with four-noded elements and a reduced integration scheme is used
to overcome the locking phenomena. Several simulations are presented and sum-
marized in two equations since different trends are observed for smooth and rough
penetrometers. The first one, relates the cone factor with the rigidity index and the
initial stress anisotropy whereas in the second on the effect of the cone roughness is
added. This work has been extended to layered soils (Walker and Yu 2010).
2.2.3 Remeshing Interpolation Technique in Small Strain
Randolph and coworkers presented the RITSS technique to deal with large strains
problems that may be categorized as an ALE-like formulation (Hu and Randolph
1998, Zhou and Randolph 2009). The main idea is that the problem is computed
with a small strains finite element package and frequent remeshing and interpolation
is performed throughout the solution process. This way the excessive element dis-
tortion is alleviated and an adaptive technique may be introduced. However, there
are doubts on the accuracy of this method since a non-objective stress integration
procedure is used (Sheng et al. 2009); that is, rigid body rotations may produce
stresses.
This numerical technique has been used to simulate different soil-structure inter-
action problems, such as T-bars and spudcans (Zhou & Randolph 2007, Barbosa-
Cruz 2007). A small strains interface elemenent is used to simulate the contact
between two bodies.
Results of the simulation of the CPT problem in homogeneous Tresca soils are
presented in (Lu et al. 2004). After a parametric study of the variables controlling
the cone resistance, results are summarized in an equation that relates the cone
factor with the rigidity index, the initial stress anisotropy and the cone roughness.
2.2.4 Material Point Method
Material Point Method (MPM) combines discretization and procedures of two dif-
ferent methods: particle methods and Finite Element Method. The domain is dis-
cretized twice: in a set of particles, which carry the mass and all the state variables,
and in a finite element mesh. The interaction of the particles is evaluated in the
finite element mesh.
Each time/load increment is computed in the nodes of the mesh employing the
Finite Element Method. As a consequence, prior to the calculation, displacements
and other mechanical variables have to be interpolated from the particles to the
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nodes; after the calculation, the position of the particles is updated interpolating its
displacement with the field obtained with the FEM analysis.
Since a weak formulation of the problem is used, a system of equations, whose
variables are the nodal (of the FEM mesh) displacement, is obtained. Diferent
integration procedures are used either based on the particles or interpolating first
the information from the particles to the Gauss points of the FE mesh.
Numerical oscillations to the solution appear when a particle moves from an
element of the FE mesh to another. In order to alleviate this problem and to increase
the accuracy of the solution, a large number of particles must fill an element of the
mesh (Wang et al. 2013); this remedy increases severely the computational cost.
Beuth (2012) presents a three dimensional hydro-mechanical MPM formulation
for contact problems. Joint elements are employed to represent the soil-structure
interface; in order to avoid numerical oscillations due to the discontinuous edge of
the CPT, the cone is rounded. Numerical examples include the penetration of a CPT
in undrained clays obeing a Tresca yield criterion; the same problem is computed in
total stresses and in effective stresses and similar results are obtained.
2.3 Meshfree methods
In traditional numerical methods (for example: FEM, Finite Difference Method,
Finite Volume Method) the problem spatial domain is discretized into meshes. The
mesh provides a certain relationship between the nodes. With this mesh and by using
some principle (pe: integral, differential), the governing PDE can be discretized to
a set of equations, whose unknowns are the nodal values of the mesh.
Meshfree methods are used to establish a system of algebraic equations without
the use of a predefined mesh (or uses a easily generated one in a much more flexible
or freer manner). The domain and the boundaries are represented with a set of
scattered nodes and the field functions are approximated locally using these nodes.
Some meshfree methods are often termed meshless methods, since no mesh is
necessary at all throughout the process of solving the problem; however, these meth-
ods (i.e. meshfree finite differences) are less stable and less accurate.
Meshfree methods include all the different meshfree methods in a loose sense: a
mesh may be used as far as (i) it is automatically generable, (ii) numerical operations
are beyond the element concept and (iii) the solution of the problem should not too
heavily depend on the quality of the mesh.
There exist two main families of meshfree methods: those based on the weak
statement of the problem and those based on the strong statement. Those based on
the strong form are less robust, stable, accurate reliable and efficient (Liu 2009).
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2.3.1 Smooth Particle Hydrodynamics (SPH)
In Smooth Particle Hydrodynamics, the strong form of the problem is used. The
domain is discretized with a set of particles; each one has associated a kernel approx-
imation, W , and a smoothing domain/area of influence (the subdomain influenced
by the particle: where W 6= 0) along with a mass and a volume. Any field is
approximated as:
< u(x) >=
∫
R3
W (x− x′)u(x′)dx′ ≈
∑
i∈Sn
W (x− xi)ui∆Vi (2.3)
where Sn is the set of nodes included in the support domain of the point x (that is,
the nodes whose kernel approximation is different than zero in the point x). There
exist a collection of kernel approximations; however, all of them must fulfill some
requirements; p.e: positivity, compact, unity, decay and Delta function behavior.
At each particle, the governing PDE is imposed. Spatial derivatives are analyti-
cally evaluated and the differentiation is transferred to the kernel approximation.
Some examples of the application of this method to geomechanics problems in-
clude Blanc (2011) formulation of the hydromechanical problem for small and large
strains and Bui et al. (2008).
2.3.2 Meshfree methods based on the weak form
Similarly to FEM, a weak (or a weakened-weak) statement of the problem is used
and it results in solving a system of equations.
The main differences with FEM are:
• The domain is discretized in a set of nodes and a good quality mesh is not
employed. However, a easily constructed mesh may be used to perform some
operations; this mesh may be distorted.
• The interpolation functions (which are defined at the support domain of each
node) are defined in accordance to the neighbor nodes distribution. The inter-
polation functions may not posses the Kronecker Delta property and special
care must be taken to impose the boundary conditions. In addition, this func-
tions may not be abble to reproduce any polynomial.
In order to obtain the stiffness matrix integration takes place on quadratures
points and many integration techniques may be employed. However, neither of them
are exact because the interpolation basis are irrational functions. The accuracy of
the solution is affected by the integration technique (Liu 2009).
Element-Free Galerkin Method and Local Petrov-Galerkin Method uses a weak
form to formulate the problem. In both methods the Moving Least Square functions
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are used to interpolate the problem variable. In the first method, these functions
are also used as test functions whereas in the second a discrete approximation of the
Dirac Delta function is employed.
These methods suffer from the same pathologies as Finite Element Method such
as volumetric locking (Vidal 2005) and must fulfill the Babuska-Brezzi conditions
in the hydromechanical couppled problem (Hua 2011). In both methods, the impo-
sition of the boundary conditions is not as straightforward as in the finite element
method (Ferna´ndez-Me´ndez & Huerta 2004).
Some application of Element-Free Galerkin method include Oliaei et al. (2009)
and Samimi and Pak (2012). In the other hand, the meshless Local Petrov-Galerkin
has also been formulated for coupled hydro-mechanical problems (Soares Jr 2010a,
Soares Jr 2010b).
In (He 2011), a Meshless Local Petrov-Galerkin formulation is applied to compute
the load-displacement curve of a pre-bored pile. The soil is supposed to follow a
Drucker-Prager model. However, only very small displacements are considered (d/D
= 0.06) and the soil is considered to be attached to the pile; that is, no contact
elements are used.
2.3.3 Particle Finite Element Method
Idelsohn et al. (2003) developed the Meshless Finite Element Method (MFEM), a
numerical tool for computing PDEs based on the Galerkin weak form and similar
interpolation functions than FEM. The domain is discretized in a mesh constructed
with a Delaunay Extended Tessellation: that is, a decomposition with different kind
of polyhedrions that is unique given a nodal distribution. Due to the method, the
generated elemens have an acceptable aspect ratio.
MFEM shape functions are constructed based on geometric relations obtained by
a local Voronoi Diagram. The main properties of FEM shape functions are preserved:
(i) partition of unity, (ii) Kronecker delta function property, (iii) linear reproduction.
In the case of triangles/tetrahedrons in 2D/3D, the interpolation functions of FEM
coincide with the ones of MFEM; as a consequence, equations could be integrated
with accuracy only employing a single Gauss point. Due to these properties of
the interpolation functions, Dirichlet boundary conditions are imposed by the same
methods than FEM. It is not mandatory to define the boundary of the domain since
the mesh generation scheme is able to recover it.
The Particle Finite Element (Idelsohn et al. 2003) is an extension of MFEM
to mechanical problems (fluids and solids). The domain is discretized with a set
of particles; however, the interaction between them is computed in a finite element
mesh with low order elements and a Lagrangian description of the domain. The
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finite element mesh is constructed frequently and its nodes are the particles.
PFEM has been used to study the fluid-structure interaction problem (Idelsohn
et al. 2006) and fluid-soil-structure interaction problems, such as the motion of
rocks by water streams, the erosion on river beds and landslides (On˜ate et al. 2011,
Salazar et al. 2012).
In solid mechanics, PFEM has been used to simulate excavation problems (Car-
bonell et al. 2009, Carbonell et al. 2013). In these works, contact is simulated by
the Continuum Constraint Method: the interface between contacting bodies, con-
trary to typical schemes, is meshed with elements of the same dimension as the
solid domain. At each contact element, a non-linear mechanical behavior is defined
that depends on the gap; the element is inactive when the gap is large, so contact
elements anticipate contacting nodes.
2.4 Comparison of Cone Factors
Figure 2.1 shows the cone factors for smooth penetrometers and isotropic initial
stress state proposed in the literature. Irrespectively of the method used to obtain
the cone resistance, the same trend is observed: the cone factor increases with the
rigidity index and, in the vast majority of them, is proportional to the logarithm of
the rigidity index.
The Cavity Expansion method results are, in general, slightly lower than numer-
ical solutions and present some scatter between them depending on the geometrical
assumptions. The curve proposed by Baligh (1975), also obtained by a cavity ex-
pansion, presents larger cone factors than the rest. The combined strain path and
solid mechanics calculations of Teh and Houlsby (1991) lies in the same range.
The differences between all the numerical methods may be atributed to a variaty
of causes, such as mesh density, type of element employed or the constitutive model.
For example, the higher cone resistances obtained by van den Berg et al. (1996)
are generally attributed to the coarse meshes employed in the analysis. Sheng et al.
(2012) also used coarse meshes and the Finite Element Method. There is no a
significant effect on the type of element used such as linear triangles (Lu et al.
2004, Sheng et al. 2012) or bilinear quadrilaters (Walker & Yu 2006). None of the
references uses high order elements. The only propposals that uses a large-strain
contact algorithm are due to Sheng et al (2009) and Walker and Yu (2006).
Walker and Yu (2006) employes reduced order integration to overcome volumetric
locking whereas Beuth (2012) uses a smoothed volumetric strain to integrate the
stresses in the local problem equations. It must be pointed out that these two
solutions, only ones that use a numerical techniques to alleviate volumetric locking,
represent a lower bound of the numerical solutions.
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Figure 2.1: Proposed cone factors, Nc, as a function of the rigidity index, Ir, for
smooth penetrometers and isotropic state of the initial stresses.
Except for (Lu et al. 2004), which uses a small stress integration procedure, all
the other numerical references assume an hypoelastic characterization of the material
and use stress integration schemes that are extensions of the infinitessimal theory.
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Chapter 3
Numerical model
In this chapter, the numerical algorithms used in this work are highlighted. After a
review of the fundamentals of Particle Finite Element Method, the large deformation
weak form of the mechanical problem is obtained. Then, a novel explicit stress
integration algorithm for large deformation elasto-plastic analysis is presented. The
chapter closes with the numerical treatment of the kinematic contact constraints.
3.1 Particle Finite Element Method
The Particle Finite Element Method (Idelsohn et al. 2003, On˜ate et al. 2011) is
an extension of Mesh-less Finite Element method to mechanical problems (fluids
and solids). Despite its name, is a mesh based continuum method: the solution
is computed in a finite element mesh with low order elements and a Lagrangian
description of the domain is used. From the nodes distribution, the mesh is rebuild
frequently and procedures to detect the boundary, the α−shape method, are used.
Adaptive mesh refinement techniques are used to improve the solution in zones where
large numerical errors are assumed.
In summary, a typical solution algorithm with PFEM involves the following steps
depicted in Figure 3.1 (On˜ate et al. 2011):
1. Discretize the domain with a Finite Element mesh. From a cloud of particles, a
Delaunay discretization is performed; that is, a mesh composed with triangles
(2D) or tetrahedra (3D) is created whose nodes are the particles.
2. Identify the external boundaries of the domains using the α-shape method. It
consist of eliminating the elements of the previously constructed mesh where a
circle/sphere of a radius larger than a given parameter (the α-shape parameter)
can be created with no particles on its interior; see Figure 3.2.
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Figure 3.1: Steps in the Particle Finite Element Method (Zhang et al. 2013)
3. Compute one time-step of the mechanical problem in a Lagrangian fashion
and update the position of the particles.
4. Generate a new mesh if needed. The mesh regeneration process can take place
after a prescribed number of steps. Basically, it consists on introducing new
particles to the domain in an adaptive fashion, construct a new Delaunay
discretization and, if the mesh presents severe distortion, perform some mesh
smoothing.
5. Go back to step 2 and repeat the solution process for the next time-step.
3.2 Governing equations of the mechanical prob-
lem
The local equations of the mechanical problem for pseudo-stationary cases written in
the current deformed configuration, ϕ(B), takes the form (Simo and Hughes 1998):∇ · σ + b = 0Mu = 0 (3.1)
where σ is the Cauchy stress tensor and M stands for the boundary conditions.
In order to obtain the weak form of the problem defined in (3.1), the principle
of virtual works is applied. The strong form of the problem is multiplied by the test
function δuh and integrated over the whole domain. Then the problem is restated
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Figure 3.2: Domain boundary recognition; α-shape method (Idelsohn et al. 2004)
as: Find u such thatMu = 0 and for any δuh that fulfills some requierements (Simo
and Hughes 1998): ∫
ϕ(B)
δuhi (
∂σij
∂xj
+ bi)dV = 0 (3.2)
where x = xn = ϕn(X) is the current position of the material point X at the
configuration n.
Applying the divergence theorem to the first term, the previous equation is re-
arrenged as: ∫
ϕ(B)
∂δuhi
∂xj
σijdV +
∫
ϕ(B)
δuhi bidV = 0 (3.3)
This equation coincides with that obtained in the infinitessimal strain theory;
however, in the large deformation theory, the integration of equation (3.3) takes
place in an unknown domain; as a consequence, an iterative scheme must be used.
In the literature, three different approaches have been used to solve the large
deformation mechanical problem. In all of them, the equilibrium equations are
not integrated in the final deformed configuration; instead, stresses and strains are
evaluated in known configurations. In the Total Lagrangian method the inital con-
figuration of the body is used as the reference during all the problem; in the Updated
Lagrangian the configuration of the body is updated with the solution found at the
previous time-step whereas in the Spatial Lagrangian integration takes place in the
configuration found in the previous iteration. These three families are not three dif-
ferent solutions of the problem: they are three ways of linearization of the governing
equations.
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In this work, the Spatial Lagrangian method is used due to its ease to detect the
contact between two bodies. Then, the residual at iteration n is defined as:
Rn =
∫
ϕn(B)
∂δuhi
∂xj
σnijdV +
∫
ϕn(B)
δuhi bidV (3.4)
The tangent matrix is obtained differentiating equation (3.4). First, the Second
Piola Kirchhoff stress tensor, S, is introduced in the internal work term:
DRn = D
∫
ϕn(B)
∂δuhi
∂xj
det(F )
∂xi
∂Xk
Skl
∂xj
∂Xl
dV = D
∫
B
∂δuhi
∂Xl
∂xi
∂Xk
SkldV
0 =∫
B
∂δuhi
∂Xl
(D(
∂xi
∂Xk
)Skl +
∂xi
∂Xk
D(Skl))dV
0
(3.5)
The first term of the former integral accounts for the geometrical non-linearity
whereas the last one represents the material response. Having in mind that D ∂xi
∂Xk
=
∂Dui
∂xn
∂xn
∂Xk
due to the chain rule, the tangent matrix to the residual defined at equation
(3.4) may be obtained as:
DRn =
∫
ϕn(B)
∂δuhi
∂xq
(δijσnq + Ciqjn)
∂Duj
∂xn
dV (3.6)
where C is a constitutive matrix such that: δσij = Cijpq
∂δup
∂xq
.
The discrete equations for the Finite Element Method are obtained introducing
the usual interpolants to approximate either the test and displacement functions.
The matrix form of this equations can be found elsewhere (Bathe 1996).
3.3 Large deformation explicit stress integration
of the elasto-plastic constitutive equations
The robustness and accuracy of mechanical finite element analysis relies on the local
integration scheme of the constitutive equations. In the literature, two main families
of schemes have been proposed for large deformation elasto-plastic analysis (Simo
and Hughes 1998).
The first one is based on an additive decomposition of the plastic and elastic
strains and the use of an hypoelastic rate constitutive model. This kind of schemes
are extensions of the usual small strains and additional terms are added in order
to deal with the rigid body rotation and ensure the objectivity of the resulting
stress increment (Nazem et al. 2006, Nazem et al. 2009). Because of this, such
formulations are restricted to small strains and large displacements (Bathe 1996).
In the second family, a multiplicative decomposition of the deformation gradient
along with an hyperelastic response are assumed; stresses are integrated implicitly
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Figure 3.3: Multiplicative decomposition of the deformation gradient in a plastic
and elastic part (Simo and Hughes 1998)
in time, leading to the return mapping algorithms (Simo 1998, Rouainia and Wood
2000, Armero and Pe´rez-Foguet 2002). Usually, the Hencky strain mesure is intro-
duced and the obtained equations preserve the form of the small strains counterpart.
Altough implicit methods render second order convergence of the global prob-
lem (Rouainia and Wood 2006), strong non-linear features of complex plastic models,
such as high curvature of the yield surface, may lead to a lack of convergence of the
local problem for a range of initial trial states (Pe´rez-Foguet and Armero 2002).
In this work, an explicit integration scheme for multiplicative finite-strains elasto-
plasticity is presented. The equations to perform a single-step elasto-plastic update
are presented, where an hyperelastic model and an exponential variation of the de-
formation gradient are assumed. Since the obtained scheme is first order in time,
an automatic substepping technique with error control is used to increase the accu-
racy (Sloan et al. 2001). Finally, a set of numerical test are performed using the
Houlsby (1985) hyperelastic model along with the Modified Cam Clay.
3.3.1 One step elasto-plastic update
Large deformation elasto-plastic analysis are based on a multiplicative split of the
deformation gradient, F , in an elastic and plastic part. That is, an intermediate
configuration of irreversible (plastic) deformations is introduced, relative to which
the elastic response of the material is characterized, see Figure 3.3. As a consequence,
the deformation gradient is defined as:
F =
∂ϕ(X, t)
∂X
= F e · F p (3.7)
where ϕ is the motion of the continuum body.
The temporal variation of the plastic deformation gradient may be obtained as
F˙ p = L¯p · F p, where L¯p is the plastic velocity gradient defined in the intermediate
configuration.
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The definition of the problem is completed with the elastic model, the yield
criterion, the hardening law and the flow rule:
τ = 2F e · F eT · ∂W¯
∂(F e · F eT ) = W (F
e · F eT ) (3.8)
Ψ(τ, h) ≤ 0 (3.9)
h = h(F p · F pT ) (3.10)
lp = γ∂τG(τ, q) (3.11)
where τ is the Kirchhoff stress, W¯ is the stored-energy function, Ψ is the yield
criterion function, h represent the hardening parameters, G is the plastic potential,
γ is the plastic multiplier and lp = F e · L¯p · F e−1 is the plastic velocity gradient
defined in the final configuration.
Assuming that the variation of the plastic deformation gradient is exponen-
tial (Simo 1998), the following explicit approximation is obtained:
F pn+1 = exp(∆tL¯
p
n) · F pn (3.12)
Introducing this equation to the definition of the deformation gradient, equation
(3.7), at time n+ 1:
Fn+1 = F
e
n+1 · exp(∆tF e−1n · lpn · F en) · F pn (3.13)
Then, the following expression for the elastic Left Cauchy-Green tensor, the
variable governing the elastic response, and the plastic Left Cauchy-Green (defined
in the intermediate configuration) are obtained:
ben+1 = F
e
n+1 · F eTn+1 = fn+1n · exp(−∆γ∂τGn)·
·ben · exp(−∆γ∂τGn)T · fn+1Tn
(3.14)
b¯pn+1 = F
p
n+1 · F pTn+1 = F e−1n · exp(−∆γ∂τGn)·
·Fn · F Tn · exp(−∆γ∂τGn)T · F e−1Tn
(3.15)
where fn+1n = Fn+1 · F−1n is the relative deformation gradient.
Note that equation (3.14) defines the new elastic configuration in terms of quan-
tities in the previous configuration, the new deformation gradient, Fn+1, which is
obtained in the global problem, and the plastic multiplier.
In implicit methods, a similar expression to equation (3.14) is obtained. In
that case, the Hencky strain measure,  = 1/2 ln(b), is usually introduced and the
obtained equations preserve the form of the small strains schemes (Borja and Tam-
agnini 1998, Rouainia and Wood 2000, Armero and Pe´rez-Foguet 2002). This is not
the case of explicit methods: the relative deformation gradient does not commute
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(in general) with the rest of the terms of the right hand side; as a consequence, the
logarithm of the right hand side is not equal to the sum of the logarithm of each
term.
The value of the plastic multiplier is obtained from the consistency condition:
0 = δΨ =
∂Ψ
∂τ
· δτ + ∂Ψ
∂h
· ∂h
∂p
· δp (3.16)
Hyperelastic models may be defined with any strain measure; in what follows, it
is assumed that the stored energy function is defined in terms of the elastic Hencky
strain. Then, the differential of the Kirchhoff stress is obtained as follows:
δτ = De · δe = De ·
(
1
2be
)
· δbe (3.17)
where
(
1
2be
)
= ∂
e
∂be
= Q ·
(
1
2be
)
·QT ,
(
1
2be
)
is the matrix whose diagonal elements are
1/2be and Q and be are the eigenvectors and eigenvalues of be; De =
∂τ
∂e
= ∂
2W¯ (e)
∂2e
is
the elastic stiffness matrix that relates the Kirchhoff stress with the elastic Hencky
strain.
Differentiating equation (3.14):
δben+1 = 2b
e
n+1 · ∇δu− 2ben+1 · ∂τG∆γ (3.18)
Combining the three previous equations and introducing the plastic modulus, H,
the following expression for the plastic multiplier is obtained:
∆γ =
∂Ψ
∂τ
·De · ∇δu
H + ∂Ψ
∂τ
·De · ∂G∂τ
(3.19)
where ∇δu = δ.
The material tangent matrix is obtained introducing the previous expressions in
equation (3.17):
δτ =
[
De − De · ∂τG⊗ ∂τΨ ·De
H + ∂τΨ ·De · ∂τG
]
∇δu (3.20)
This matrix has the same formal structure as the usual small strains tangent
matrix.
In purely elastic regime, ∆γ = 0, the proposal reduces to the usual large de-
formation elastic update equations, ben+1 = f
n+1
n · ben · fn+1Tn and b¯pn+1 = b¯pn. As a
consequence, the increment of deformation is computed analytically. The tangent
material matrix reduces to:
δτ = De · ∇δu (3.21)
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3.3.2 Gauss point algorithm
In this section, the algorithm to integrate the elasto-plastic equations between two
given configurations is presented. Before that, a procedure to split the relative
deformation gradient and the yield surface correction is presented.
Relative deformation gradient subdivision
The outlined algorithm, equations (3.14) and (3.19), integrates the elasto-plastic
equations between two given configurations. In order to introduce a substepping
scheme, a procedure that splits the deformation gradient preserving the multiplica-
tive structure, that is: fn+1n = f
n+1
n+θ · fn+θn , is required.
The motion between two given configurations is written as:
ϕn+θ = θϕn+1 + (1− θ)ϕn (3.22)
From the previous definition, the deformation gradient and relative deformation
gradient are given by:
Fn+θ = θFn+1 + (1− θ)Fn (3.23)
fn+θn = Fn+θF
−1
n = θf
n+1
n + (1− θ)1 (3.24)
As a consequence, the relative deformation between two arbitrary intermediate
configurations is:
fn+θn+ =
(
θfn+1n + (1− θ)1
) ·
· (fn+1n + (1− )1)−1 (3.25)
Drift correction
Using explicit integration schemes, at the end of each elasto-plastic increment, the
obtained stresses typically do not lay in the yield surface. Even using a substepping
scheme, the yield surface drift violation may not be negligible and its effects are
accumulative (Sloan et al. 2001).
In this work, stresses and hardening parameters are corrected such that the total
strains (that is, the deformation gradient) remain unchanged. Performing a Taylor’s
series of the yield surface function, the following expression is obtained for the plastic
multiplier:
∆γ =
Ψ0
H + ∂τΨ ·De · ∂τG (3.26)
where Ψ0 is the yield surface drift violation.
This value is introduced to equations (3.14) and (3.15), setting the incremental
deformation gradient equal to the identity. This process is iterated until a conver-
gence criterion is fulfilled.
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Algorithm
The general scheme that is used to integrate the elasto-plastic equations is detailed
in Algorithm 1 and is based on (Sloan et al. 2001).
First, a trial elastic state is computed; if the final stress state lays inside the elastic
region, deformation occurs in purely elastic regime. In this case, as mentioned early,
the increment of the deformation is computed analytically and no special treatment
of the non-linearity of the elasticity is required in hyperelastic models.
Otherwise, part or all of the deformation increment produce plastic deformation.
Two flags control if there exist elastic loading or elastic unloading before the plastic
flow. In both cases, first the yield surface intersection is found using the bisection
method. Then, the rest of the deformation increment is integrated using the elasto-
plastic relations.
Elasto-plastic equations are integrated using an adaptive substepping scheme.
Each deformation increment is computed with two different temporal discretizations;
at the end of the step two stress approximations are obtained: τ and τ ∗. Then, the
following error measure is defined:
R =
‖τ − τ ∗‖
‖τ ∗‖ (3.27)
Only in the case that the error measure is lesser than a specified tolerance, Tolτ ,
the obtained state is accepted; otherwise is rejected. In both cases, the new pseudo-
time increment is computed according to:
∆αnew = 0.9
(
Tolτ
R
)0.5
∆αold (3.28)
For practical reasons, a minimum step-size is also defined to prevent very small
increments; as a consequence, increments that does not fulfill the tolerance are
sometimes accepted.
3.3.3 Constitutive equations
In this section, the constitutive equations used in this work are briefly described.
Tresca model
The elastic response is characterized by the following free energy potential:
W¯ (e) =
1
2
K2v +G‖d‖2 (3.29)
where K and G are the bulk and shear moduli.
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Algorithm 1: Stress integration with error control
Data: ben, hn, f
n+1
n
Ψ0 = Ψ(τn, hn)
τ trn+1 = W (f
n+1
n · ben · fn+1Tn )
Ψtr = Ψ(τ trn+1, hn)
if Ψtr < TOL then
ben+1 = f
n+1
n · ben · fn+1Tn
hn+1 = hn;
else
Flag1 = (Ψ
0 < −Tolf and Ψtr > Tolf )
Flag2 =
(
∂τΨ·De·δ
‖∂τΨ‖‖De·δ‖ < TolL
)
if (Flag1 or Flag2) then
Find α such that Ψ(W (ben+α), hn) = 0
where ben+α = f
n+α
n b
e
nf
n+αT
n
Set hn+α = hn
else
α = 0
end
while α < 1 do
Integrate elasto-plastic equations with substepping and error control
end
Perform Drift Correction
end
τn+1 = W (b
e
n+1)
Result: ben+1, hn+1, τn+1
Tresca yield surface may be stated as:
f(τ) =
√
J2 cos(θ)− Cu (3.30)
where θ is the Lodes angle.
This function is not smooth for θ = −30 or θ = 30 and the derivative is discon-
tinuous. In order to avoid computational difficulties, the Tresca criterion is approx-
imated with a smooth hyperbolic function (Abbo and Sloan 1995).
Modified Cam Clay model
The elastic response is characterized by the following free energy potential (Borja
et al. 1997):
W¯ (e) = prk
∗ exp(
−ev
k∗
)(1 +
α
k∗
‖ed‖2) +G‖ed‖2 (3.31)
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Then, the volumetric and deviatoric stresses, τ = p1+τd, are computed according
to:
p = pr exp(
−ev
k∗
)(1 +
α
k∗
‖ed‖2) (3.32)
τd = 2(αpr exp(
−ev
κ∗
) +G)ed (3.33)
The elastic tangent matrix is defined by:
C =
p
κ∗
I ⊗ I + 2(αprexp(−
e
v
κ∗
) +G)(I4 − 1
3
I ⊗ I)− (m⊗ I + I ⊗m) (3.34)
where m = 2αprexp(
−ev
κ∗ )
e
d and I
4
ijkl =
1
2
(δikδjl + δilδjk).
If G is set to zero, the hyperelastic model proposed by Houlsby (1985) is recov-
ered. In the other hand, if α is set to zero, the volumetric and deviatoric behavior
decouples and the shear modulus remains constant. However, in the general case
both the bulk and the shear moduli depend on the mean pressure. The bulk modulus
also varies with the distortional strain; the Poisson ratio is variable and not directly
imposed. Figure 3.4 shows the variation of some elastic moduli along the p-axis. The
bulk modulus coincide in the three models and is dependent on the mean stress. In
Houlsby (1985) hyperelastic model, the Poisson ratio remains constant along the
p-axis; whereas in the other two models varies with the mean stress.
The problem is completed with the yield surface and the hardening law:
Ψ(τ, pc) = (q/M)
2 + p(p− pc) (3.35)
pc = pc0 exp(
−pv
λ∗ − κ∗ ) (3.36)
where q =
√
3J2 and M may be made dependent of the Lode’s Angle (Sloan et al.
2001).
3.3.4 Examples
In this section, the proposed algorithm is assessed. Different simulations are per-
formed using Houlsby (1985) hyperelastic model along with Cam Clay plasticity.
The chosen soil parameters are: κ∗ = 0.0078, λ∗ = 0.085, α = 120, M = 0.9 and
pc0 = 80 kPa. pr is equal to 80 kPa for normally consolidated tests and 20 kPa for
overconsolidated tests. In the numerical examples, all the tolerances -in the relative
stress error, the yield surface violation and the unloading condition- are set equal to
10−5
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Figure 3.4: Evolution of the elastic moduli along the p-axis: (a) Bulk modulus (b)
Shear modulus (c) Poisson ratio.
Constant Volume Simple Shear Test The first example consists on a constant
volume simple shear test. The problem is integrated with several number of steps
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Figure 3.5: Constant volume shear test: (a) stress trajectories for OCR = 1 and
4; stress-strain relations for the normally consolidated (b) and overconsolidated (c)
tests.
up to a final deformation of F12 = 1.0. The displacement field is parametrized by a
pseudotime variables, t, and is written as: u (x, y, z, t) = (yt, 0, 0); as a consequence,
the deformation gradient is:
F =
(
1 t 0
0 1 0
0 0 1
)
(3.37)
Figure 3.5(a) shows the stress trajectory for two overconsolidation ratios; both
tests tend to the critical state line. As it can be seen in the overconslidated test, in
the elastic regime there exist a change in the mean stress at a constant volumetric
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Figure 3.6: Constant volume shear test: Stress relative error (with respect to the
solution obtained with a larger number of steps) for the normally consolidated test
at different pseudotimes
strain due to the coupling in the non-linear elastic model. The stress-strain relation
is depicted in Figures 3.5(b) and 3.5(c); while the normally consolidated test is
characterized by a decrease on the stiffness in the plastic regime, the overconsolidated
counterpart exhibits softening. The obtained results are in agreement with those
reported in (Rouainia and Wood 2000) using an implicit technique.
In both cases, the solution computed with a small number of steps converges
towards that obtained with a larger resolution. As depicted in Figure 3.6, for a
large number of steps the relative error on the stress is in the same order of the
tolerance specified at the substepping scheme (10−5). However, when the solution is
computed with a small number of increments, larger errors are encountered: the sub-
stepping scheme computes several increments with the imposed minimal increment
size without converging, thus introducing error to the solution.
In all cases the yield surface drift violation is small and less than three iterations
are required to perform the correction.
Oedometer Figure 3.7 shows the results of the simulation of a drained oedometer
test. As a consequence of the hyperelastic model, the trajectory on the volumetric
deformation-mean stress plane is not described by two straight lines.
Again, minimal discrepancies appear on the solution with respect to the number
of steps.
Drained triaxial The last example corresponds to a drained triaxial of a sample
of 4 × 1.6; the initial and final axisymmetric mesh is displayed in Figure 3.8. The
initial state of the soil is characterized by p = 80 kPa and q = 0. A total 1400 steps
are computed applying a vertical displacement of −2.5 · 10−3 to the top boundary.
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Figure 3.7: Oedometer test: (a) stress trajectory; (b) stress-strain relation.
Figure 3.8: Triaxial test: initial and final FEM mesh.
In the stress-invariants space, the test tends towards the Critical State Line
q = Mp, Figure 3.9(a). Due to the variable Poisson’s ratio, this line presents a
slight curvature. Figure 3.9(b) shows the volumetric behavior along with the Normal
Compression Line and the Critical State Line. From the model definition, equations
(3.32) and (3.36), and asssuming that pc0 = pr, the following expression relating the
volumetric strain and the mean stress at critical state may be obtained:
pCSL = pr exp(−v − ad + (λ
∗ − κ∗) ln(2)
λ∗
) (3.38)
where ad = κ
∗ ln(1 + α‖ed‖2/κ∗) appears due to the coupling in the hyperelastic
model. According to numerical simulations, this term is ad = 1.497 · 10−3. Altough
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Figure 3.9: Triaxial test: trajectories in the (a) p− q, (b) p− v and (c) vertical− q
planes
the CSL depends on the elastic deviatoric deformation; the volumetric (elastic and
plastic) and deviatoric elastic deformations cease to increase.
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3.3.5 Concluding remarks
In this section, an explicit integration scheme in the framework of multiplicative
finite strains elasto-plasticity has been presented. The basic algorithm to perform
the stress integration, including an adaptive substepping scheme and a yield violation
drift correction scheme, has also been described. The accuracy of the integration
scheme is illustrated by means of several examples using Houlsby (1985) hyperelastic
model and the Modified Cam Clay. Indeed, using an adaptive substepping scheme
very similar results are obtained irrespectively of the number of incremental steps;
the yield surface drift violation is small and less than three iterations are required
to perform the correction.
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3.4 Numerical treatment of the contact
The interaction between two domains produce compressive and tangential forces
in the interface. Matematically, contact conditions are expressed as a set of ge-
ometrical restrictions to the solution; then contact forces are deduced from these
constraints (Zavarise et al. 2006).
In numerical methods, theses restrictions are imposed to the solution in several
ways: Using Lagrangian multipliers, the restriction is completely fulfilled; however,
new degrees of freedom are incorporated to the problem and the system of equations
may become very non-linear, making convergence very challenging (Sheng et al.
2005). In the other hand, Penalty methods elliminate the constraints by adding
a term proportional to the error on the constraint in the residual; in other words,
the constraint acts like an external load. As a consequence, the restriction is only
approximately fulfilled; large penalty factors impose more severely the constraint
but the system matrix becomes ill-conditioned.
In this section, the main kinematic relations due to the contact between two
bodies are presented for two dimensional cases. It is assumed that one of the bodies
is rigid. This hypothesys is valid since the ratio between the soil and the structure
Young modulus is large (Sheng et al. 2005).
3.4.1 Normal contact
The geometrical constraints in the normal direction are that (i) the penetration of
the two bodies is not permited, (ii) there is a null normal force when the bodies
are not in contant and (iii) there is only compressive normal forces between the two
bodies. Matematically, these restrictions are tipically written as:
gn ≥ 0
σn > 0 if gn = 0
σn = 0 if gn ≥ 0
(3.39)
where gn is the normal gap and σn is the normal contact stress. The normal gap for
a point on the deformable body is computed as the minimum distance of this point
to the rigid surface.
Using a penalty method, the normal contact stress imposed at each node in the
contact surface of the deformable body is described as:
σn =
−αngn if gn ≤ 00 others (3.40)
where αn is the penalty factor.
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This way, only a normal contact force exists if both bodies are penetrating and
is proportional to the penetration.
In order to increase the rate of convergence, the tangent matrix due to the contact
is introduced in the discrete equations of the problem. The tangent matrix of the
normal contact force, F contn = wσnn, is equal to:
Kcontn =
∂F contn
∂δu
= wαnn⊗ n (3.41)
where n is the normal unit vector and w is the integration weight; large deformation
terms are obviated.
3.4.2 Tangential contact
The response in the tangential direction can be divided in two different states. In the
first one, the so-called stick condition, no tangential relative displacement exist be-
tween the two contact bodies. The second state, the slip condition, is characterized
with relative tangential movement. Assuming that the displacements on the tangen-
tial direction is characterized by a rigid-perfectly plastic behavior, this conditions
may be expressed as:
if gn = 0

g˙t = 0 if f(σn, τ) < 0
g˙t 6= 0 if f(σn, τ) = 0
f(σn, τ) ≤ 0
(3.42)
where gt is the relative sliding at the contact and f(σn, τ) is the yield function of
the contact.
The tangential contact force is also computed with a penalty method. Since
the constraints are written in terms of the sliding velocity, the force is computed
incrementally. Assuming that the configuration at iteration i is known, the new
tangential contact stress is computed according to:
τ i+1 = τ i − αtδgit (3.43)
where αt is the penalty parameter for the tangential direction, δg
i
t = (δu
i
1−δui2) · t is
increment of the tangential gap, δu is the incremental displacement of the nodes in
contact and t is the tangent to the surface. If the trial tangential stress lays outside
the yield surface, is corrected.
Mohr-Coulomb law
The Mohr-Coulomb law is used to evalute the maximum tangential stress; depending
if the analysis is drained or undrained the adhesion or the friction are set to zero.
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Figure 3.10: von Mises contact validation: Finite element mesh and obtained
contact forces.
This law is stated as:
f(σn, τ) = |τ | − µσn − βCu (3.44)
The tangential matrix in sliding state is obtained as:
Kcontt =
∂F contt
∂δu
= wsign(τ)αnt⊗ n (3.45)
whereas in the stick state is:
Kcontt = wαtt⊗ t (3.46)
Contact validation
In order to validate the tangential part of the contact, an example with known
analytical solution is presented. In axisymmetric conditions, a rigid structure moves
in the radial direction. The tangential force with a von Mises contact law and
assuming a rigid-plastic behavior is equal to:
F contt = βCupir(t)
2 (3.47)
The obtained results are presented in Figure 3.10 and 3.11. Due to the node-to-
segment nature of the implementation, every time a new node becomes in contact,
the total tangential force increases linearly due to the elastic part of the contact.
Then, at yielding, this force remains constant. A better fitting to the analytical
solution may be obtained increasing the number of nodes at the contact zone.
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Figure 3.11: von Mises contact validation: analytical and numerical tangential
contact forces.
33
34
Chapter 4
Undrained simulation of the CPT
This chapter presents the results of the simulations of the Cone Penetration Test in
undrained Tresca soil. First, the numerical discretization of the domain is discussed;
then a parametric study of the numerical factors affecting the solution, such as the
mesh size or the remeshing period, is performed. Finally, the results for different
rigidity index are presented. The effect of the roughness of the contact is also
assessed.
4.1 Details of the analysis
The geometry of the problem is shown in Figure 4.1. In the initial configuration, the
cone is assumed to be in a pre-bored situation; previous numerical simulations show
no effect on the final tip resistance at large penetrations (Beuth 2012). In order to
avoid numerical instabilities due to the corner that presents the CPT, it is discretized
by two straigh lines and a radius, Figure 4.1(b); the radius of the penetromter is
equal to 0.4 and the radius of the sphere used to smooth the corner is 0.2. The
size of the domain is 25 radii in with and 50 in depth, which seems appropiate to
represent the far field conditions according to previously reported plastic radius.
Altough the mesh depicted in Figure 4.1 seems inappropiate due to its large
elements; it is only used to represent the domain since an adaptive scheme is used.
In this work, the plastic incremental Hencky shear strain is used as an error measure;
this way, the mesh density increases in the areas where large plastic strains occur.
The soil is discretized with linear axisymmetric elements with one integration
point. The horizontal displacement at the left and right boundaries are imposed
to be null, whereas the dispacement in all direction is restricted in the bottom
boundary. No external load is considered: all the stresses are considered to be null
at the begining of the analysis.
To simulate the undrained behavior of the soil, a total stress analysis is per-
formed. The soil is assumed to obey a Tresca yield criterion; In all simulations, the
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Figure 4.1: Geometry of the problem and (b) penetrometer smoothing.
shear modulus is equal to G = 3450 kPa and the Poisson ratio of ν = 0.45. Larger
Poisson ratios may be employed; however, smaller time-steps have to be used due
to convergence of the global problem. Previous analysis report that smaller Poisson
ratios tends to underestimate the obtained cone resistance (Sheng et al. 2012). The
strength is varied in order to produce different rigidity indeces.
Typically, 100 increments are computed for every radius penetration; however
smaller time steps may be used when a large number of iterations is required for
convergence of the global problem. Since the equation of the global problem is
integrated implicitly in time, the time-step does not affect the solution for pseudo-
stationary analysis.
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Figure 4.2: Parametric study. Evolution of the Cone Factors in terms of (a)
element size, T = 0.05, and (b) remeshing period, h = 0.10. Ir = 35.5.
4.2 Parametric analysis
4.2.1 Mesh size analysis
Elasto-plastic problems become ill-posed when strains tend to localize (the displace-
ment field tends to be discontinuos) and the uniqueness of the solution may be
lost (Lewis and Khoei 2001). As a consequence, the obtained solution depends on
the mesh size (Belytschko et al. 1994). Numerical simulations suggest that the shear
band thickness is approximatedly the distance between three nodes.
In addition, as mentioned previously, if the contact is imposed with a penalty
method, results also depend on the discretization.
Previous numerical simulation of penetration problems also confirm that the so-
lution depends on the mesh size. Indeed, as the mesh size decrease, the solution
predicted cone resistance tends to converge to a value (Sheng et al. 2009). In addi-
tion, meshes with larger elements tends to overpredict the pile resistance and larger
oscillations in the pile resistance curve are obtained in remeshing-based methods.
In order to study the effect of the size of the mesh on the the solution, the
cone factor for Ir = 35.5 is computed imposing different element sizes near the pile.
Figure 4.2(a) shows the penetration curve; the remeshing proces is executed every
0.05 penetration radii. As the mesh becomes finer, the computed resistance decrease;
however, for smaller mesh elements, the solution tends to converge. Even with very
small time-steps, it was impossible to converge the solution with the coarser mesh.
The oscillations on the computed cone factors may be attributed to different
processes. In one hand, the accuracy of the results of mesh-based numerical sim-
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ulations depend on the discretization; as mentioned previously, this factor is more
imporant in elasto-plastic problems.In the other hand, some error is introduced due
to interpolation routines: Indeed, the overall error introduced to the solution by the
interpolation is proportional to the inverse of the typical element size (Peric´ et al.
1996).
The effect of the inital mesh may be noticed in Figure 4.2(a); sharp discontinuities
are observed in the curves of the smaller element sizes at the first stages of the
simulation since the mesh becomes finner gradually.
4.2.2 Remeshing period
Interpolating variables between finite element meshes tends to introduce smooth-
ing (Peric´ et al. 1996). In addition, the resulting mechanical state, that is used
as initial guess in the implicit mechanical problem, typically violates the equilib-
rium. On the other hand, severe mesh distortion tends to indroduce error to the
solution (Rajendran 2010), that may cause numerical divergence problems.
Figure 4.2(b) shows the load-displacement curve for remeshing periods ranging
from 2.5 · 10−3 radius to 0.15 radius with a typical element size of h = 0.10. In
order to elliminate the effect of the initial mesh, in all the analysis the remeshing
period is kept equal to the time-step until z/R = 0.15. It is observed that the error
introduced by the remeshing procedures is low in perfect plasticity analysis.
4.3 Smooth penetrometer
In this section, the analysis for smooth prenetrometers is presented. First, the
obtained results for a rigidity index of 100 are discussed; then, results for different
indices are summarized and compared with other obtained in the literature.
Figure 4.3 shows the evolution of the cone factor in terms of the penetration
depth for a rigidity index of 100. A steady state is achived approximatedly at 6
radii.
The stress distribution arround the cone, at steady state, is depicted in Figure 4.4.
Some spurious oscillations appear below the apex of the cone; the node that lies
behind the appex has the radial displacement restricted to mantain the axisymmetry
and an exterior force due to the contact.
The maximum of radial and vertical stresses, are observed slightly below the edge
of the tip and the shaft. From this point, the horizontal stress decreases drastically
in the vertical direction whereas a smooth transition is observed in the horizontal
direction. The vertical stress shows the opposite behaviour; in addition, the vertical
reduction above the cone is sharper than below. The soil exhibits some tractions;
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Figure 4.3: Evolution of cone resistance with different rigidity indices
for example, in the horizontal direction below the tip or in the vertical direction in
a fringe situated approximatedly at 8 radii.
The mean stress also shows a maximum near the edge of the tip and the shaft, see
Figure 4.5; from this point, the mean stress decreases in all directions, presenting a
smoother variation in the vertical direction. The deviatoric stresses are concentrated
below the tip and in the radial direction.
The active plastic zone is depicted in Figure 4.6. The maximum extension in the
horizontal direction, measured from r = 0, is equal to 8.5 radii and 7.2 radii in depth
(measured from the intersection between the cone and the shaft). Similar values are
reported in the literature: for example, Walker & Yu (2006) obtained a plastic zone
that extents 9.4 radii and Lu et al. (2004) reports slightly smaller plastic regions for
Ir = 150; in this last case, the oposite behavior is observed: the plastic extension is
higher in the vertical direction than in the horizontal direction. It must be pointed
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(a) (b)
Figure 4.4: Distribution of the (a) radial and (b) vertical stresses for a smooth
penetrometer, Ir = 100.
out that altough Walker & Yu (2006) reported higher plastic regions than Lu et al.
(2004), the obtained cone factors were lower.
The distribution of the incremental shear strains show some preferential planes
of deformation, see Figure 4.6(b).
The incremental displacement, Figure 4.7, shows that the deformations are con-
centrated in the vincinity of the cone. In all the domain, the horizontal displacement
is positive; thus, the soil moves to the far field. Below the appex of the cone, the
movement is vertical due to the axisymmetric conditions; at the cone tip, there is
some horizontal tendency due to the slippage in the contact. At the shaft, the soil
movement tends to be solely vertical.
Figure 4.3 also shows the evolution of the cone factors for other rigidity indices.
Although these curves present some oscillations due to the numerical method, it can
be concluded that all of them reach a steady state. Higher penetration depths are
requiered to obtain a steady state as the rigidity index increases. These results show
that a steady state is achieved at a penetration depth of approximatedly 2 radii for
a rigidity index of 35 and 6 for a rigidity index of 100. It must be noticed that all
the curves present similar fluctuation in terms of the total cone resistance; however,
due to the addimensionalization process, these oscillations are more obvius for larger
rigidity indices.
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Figure 4.5: Distribution of the (a) mean pressure and (b)
√
3J2 for a smooth
penetrometer, Ir = 100.
The size of the region with plastic deformation increases with the rigity index. In
all the cases, the plastic region have a similar geometry and the extension in depth
is lower than in the horizontal direction; see Figure 4.8.
The obtained cone factors at steady state are shown in Figure 4.9. Results
follow the same trend than previously reported cone factors, increasing practically
proportional to the logarithm of the rigidity index. The obtained cone factors remain
in the low range of other numerical approaches.
4.3.1 Rough penetrometer
The investigation is extendend to examine the effect of the roughness of the pen-
etrometer on the cone factor. The adhesion conditions at both the cone and the shaft
interface are identical and are assumed to obey a von Mises yield criterion. The max-
imum shear stress at the interface is a fraction of the soil undrained resistance; as a
consequence, the contact yield function is written as:
f(σcn, τ
c) = τ c − βSu (4.1)
Due to the non-linearity of the rough contact condition, very small time-steps
have to be used in order to achieve convergence in the global problem. As a conse-
quence, the full-penetration has not been simulated. Instead, from the steady-state
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Figure 4.6: Distribution of the plastic zone and the increment of the Hencky
deviatoric plastic strain
configuration of the smooth contact, friction has been activated and the computation
continued until a new steady-state is reached.
Figure 4.10 shows the evolution of the cone factor for two different roughnesses
and the smooth case. At the beginning, both curves are common and correspond to
the elastic part of the tangential contact constraint. As the penetration continues,
sliding takes place at the tip.
Figure 4.11 depicts the increase of the cone factor with respect to the smooth
case due to the roughness of the contact. The cone factor seams to increase linearly
with the adhesion. In addition, a good agreement is found with reported results in
the literature.
As the roughness increases, the maximum of the radial stress, that is located
beneath the tip of the cone, decreases; Figure 4.12. In the other hand, the maximum
of the vertical stress increases with the roughness. In contrast to the smooth case,
the vertical stress decreases more rapidly above the cone and the region affected for
large vertical stresses is more profound.
The incremental displacements are depicted in Figure 4.13. As in the smooth
case, displacements are located only near the tip of the cone. However, the displame-
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(a) (b)
Figure 4.7: Magnitude and direction of the computed increment of displacement
for Ir = 100
nents direction is different; due to the adhesion, the contact forces are more vertical
and so the incremental displacements. At the shaft, the incremental displacement
is the opposite of the smooth cone. In this case, the soil tends to move down.
4.4 Concluding remarks
In this chapter, results of the cone penetration test for undrained clays obeying a
Tresca yield criterion have been presented. The stress state and incremental dis-
placements have been analysed. Altough a limited number of analysis have been
performed, the obtained cone factors at steaty state may be summarized in the
following equation:
Nc = 0.43 + 2.11 ln(
G
Su
) + 1.47β (4.2)
where the following assumptions have been made:
• The effect of the roughness is independent of the rigidity index. There is
some controversy on this hypothesis; some numerical results show that this
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Figure 4.8: Smooth penetrometer. Extension of the plastic region
hypothesis holds (Lu et al. 2004), whereas other authors, Walker and Yu
(2006), interpret two different trends for rough and smooth penetrometers.
• The same roughness have been assumed in the shaft and in the tip. Previous
numerical simulations show that the shaft roughness has no effect on the cone
factor (Lu et al. 2004, Walker and Yu 2006).
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Figure 4.11: Rough penetrometer analysis: Variation of the Cone Factor with
respect to the smooth case due to the adhesion at the contact for Ir = 300
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Figure 4.12: Distribution of the (a) radial and (b) vertical stresses for a rogh
penetrometer, Ir = 300 and β = 1
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Figure 4.13: Magnitude and direction of the computed increment of displacement
for Ir = 300 for a rough cone, β = 1
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Chapter 5
Drained simulation of the CPT
To concluce this work, CPT in drained clay is studied. A similar example than the
one reported in Sheng et al. (2014) is presented.
5.1 Details of the analysis
The same geometry considered in the previous chapter has been used; however, in
this case, the domain is scaled down so the radius of the penetrometer is R = 0.02 m,
similar than the reference.
The soil is assumed to obey Borja et al. (1997) hyperelastic model. The main
soil parameters are listed in Table 5.1; the selected variables try to mimic the soil
response assumed by Sheng et al. (2014); for example, in both works the Poisson
ratio is equal to 0.333 in the p-axis.
In this work, the self weigh of the soil has been omitted and the initial stresses
have been chosen similar than the one encountered at the final penetration depth
at Sheng et al. (2014); that is σv = 58.80 kPa and σr = σθ = 29.2 kPa. The
same boundary conditions than the previous example are considered; in this case, a
vertical surcharge to the free surface has been added.
As in the reference, completely smooth interface is considered between the soil
and the penetrometer.
5.2 Results
The computed total cone resistance is shown in Figure 5.1. The cone resistance
seems to reach a steady state at a depth of about 5.5 shaft radii; after this value,
some numerical oscillations are observed. The net cone resistance is approximately
286 kPa.
Figures 5.2 and 5.3(a) show the vertical, radial and circumferential stresses. The
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γ κ∗ pr (kPa) α G0 (kPa) λ∗ pc0(kPa) M
0 0.016 50.0 23.50 400.0 0.10 70 1.0
Table 5.1: Parameters adopted for the MCC model
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Figure 5.1: MCC model: total cone resistance.
cartesian stresses present a maximum below the edge of the cone, and the maxi-
mum of the radial stress is greater than the vertical. The circumferential stress,
Figure 5.3(a), is the smallest of the three in all the domain. Beneath the pile tip,
the radial stress decrease rapidly; from high compressive stresses to practically zero
at a distance of approximately 4 radii. In the shaft of the cone, compression verti-
cal stresses are observed; however, the mean stress remains compressive due to the
adopted yield surface.
As in the undrained analysis, some numerical oscillations appear on the appex
of the cone.
The maxium of the mean and deviatoric stresses also is observed near the edge
of the cone and the tip; Figure 5.4. There are some integration points where the
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(a) (b)
Figure 5.2: MCC model: contours of the (a) radial and (b) vertical Cauchy stresses.
mean stress becomes practically zero; as a consequence, the bulk modulus also tends
to zero. If the hyperelastic model proposed by Houlsby (1985) is used, all the terms
of the tangent elastic matrix tend to zero (see Figure 3.4). As a result, the matrix
of the global system becomes (numerically) singular. On the other hand, using the
hyperelastic model proposed by Borja et al. (1997) at lest the shear modulus is
always different than zero.
Figure 5.5 shows the stress path of points located at 1
3
radii of the shaft and dif-
ferent initial depths, ranging from one to six radii beaneth the appex initial position;
only a point each 0.25 penetration radii is ploted in order to decrease the numerical
oscillations.
The stress path is characterized by 4 phases:
• The first phase, only observed in the points that are located far away of the
penetrometer, is characterized by a slight decrease on the mean stress and an
increase on the deviatoric stress; the deformations are elastic and the stress
state tends to the critical state line.
• Then, as the penetrometer approaches the point, both deviatoric and mean
stress increase. First, the stress state moves away from the CLS (in the con-
traction side) and then returns to the CLS.
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(a) (b)
Figure 5.3: MCC model: contours of the (a) circumferential and (b) preconsolida-
tion stresses.
(a) (b)
Figure 5.4: MCC model: contours of the (a) mean and (b) deviatoric stresses.
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• The maximum of the mean and deviatoric stresses is observed when the cone
passes the observation point; then the stress state crosses the critical state line
and there is elasto-plastic unloading.
• Finally, the stress state remains practically constant as penetration continues.
The mean stress is similar than the initial mean stress; in the other hand, the
deviatoric stress is higher.
The obtained stress path does not fully coincide with that reported by Sheng
et al. (2005), particularly, the first phase; however, the trends are similar. In the
referred work, the MCC model is used to investigate the friction fatigue in sands;
thus, completedly different constitutive parameters are used; for example, both the
slope of the normal compression line and the unloding-reloading line are ten times
lower.
5.3 Concluding remarks
In this chapter, results of the drained penetration in a Modified Cam Clay soil have
been presented. The stress state and stress path has been described. The obtained
stress paths shows similar trends than others numerical simulations (Sheng et al.
2005) The computed net cone resistance is approximately 20% greater than the
reported by (Sheng et al. 2014). This difference may be attributed to several cases:
• Different constitutive models. The parameters of the model have been chosen
so the same elastic behaviour is observed in the p-axis; however, with the used
hyperelastic model the Poisson ratio varies and is negative at very low stresses.
In addition, the Cam Clay model of the current implementation is independent
of the third invariant of the stress tensor.
• Mesh smoothing. The effect of the interpolation on the computed solution has
not been investigated for plastic models with hardening.
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Figure 5.5: MCC model: (a) Stress path for points located at 1
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Chapter 6
Conclusions and future work
The most revelant conclusions and results of this work are the following:
• A new explicit integration scheme in the framework of multiplicative finite
strains elasto-plasticity has been presented. The basic algorithm to perform
the stress integration, including an adaptive substepping scheme and a yield
violation drift correction scheme, has also been described. By means of several
examples it has been shown that using an adaptive substepping scheme, results
hardly depend on the number of incremental steps.
• The Particle Finite Element method, employed in this work, is able to tackle
large deformation problems in geomechanics with rapid changes in the domain,
such as penetration problems, due to its particle discretization. The method is
based on FEM, which permits the use of all the previous background knowledge
in the method.
• In this work, a parametric study of the cone penetration test has been carried
out for undrained clays obeing a Tresca yield criterion. The main variables that
have been investigated are the rigidity index and the penetrometer roughness.
By means of a few results, an expression that relates the cone factor with
these parameters has been proposed. Details on the stress distribution and
the incremental displacement has been presented.
• Finally, the drained penetration of soils obeying a Modified Cam Clay elasto-
plastic behavior has been assessed. The stress state and typical stress paths
have been obtained.
The present study can be improved in several ways:
• Incorporate the effect of pore pressure. In this work, only fully drained or
undrained analysis have been performed; however, the CPT test may also be
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performed on partiallly drained conditions, depending on the permeability of
the soil and the penetration rate. Indeed, CPT tests with variable penetration
rates in the same soil can provide additional information about the permeabil-
ity (Sheng et al. 2014).
• Consider other relevant geometries:
– Full flow penetrometers, for example T-bar and T-ball, are found to be
more acurate in soft clays due to equipment requirements; more over, ad-
ditional information from cyclic degradation testing may be obtained (De-
Jong et al. 2010).
– Extension to hollow geometries such as samplers. The geometry of the
sampler plays a crucial role in the disturbance; however, little numerical
simulations have been conducted (Clayton 1998).
• Introduce variable time-step to the code. The current implementation uses
a constant fixed time-step; however, a varying time-step algorithm is usually
much faster because it concentrates its computational efforts in those time
intervals that need it more and may reduce the numerical divergence breack-
downs.
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